Abstract. We give, among other results, some criteria for p-valence of functions f(z) = z p + ap+iz p+1 + ... analytic in the unit disc.
Introduction
Let A(p) denote the class of functions of the form 
Fx(z) = (l-X)f(z) + Xzf'(z).
In [11] , Saitoh has derived some properties of functions in the class A(p), and of the functions F\ defined by (1.2) . In fact, he proved the following results.
THEOREM A. If f € A(p) satisfies the condition
In the present paper, we improve the results of Saitohfll] for functions belonging to the class A(p), and for the functions F\ for 0 < A < 1 and / G A(p). We also derive certain sufficient conditions for functions in A(p) to be p-valent in E. Some properties of functions in A(p) are also obtained.
Preliminaries and main results
To establish our main results, we need the following lemmas. 
LEMMA 1 [3]. Let w be non-constant analytic in E with w(0)
=
then f is p-valent in E.
We owe the above lemma to Nunokawa [6] . The estimate is best possible in the sense that bound cannot be improved.
Proof. Consider the function q defined in E by (2.7)
We choose the principal branch in (2.7) so that q is analytic with q(0) = 1. Differentiating both sides in (2.7) followed by a simple calculation, we get
Using the hypothesis (2.5) in the above equality, we obtain
from which it follows by Lemma 2
where 1 < j < p and p is given by
Now, by change of variable and with the aid of the identities (2.1) and (2.2), we get
We, further, note that
This completes the proof of Theorem 1. The estimate in (2.6) is best possible as the bound in Lemma 2 is so.
Setting p, = A = 1 in Theorem 1, we get the following result.
-
The estimate is best possible in the sense that the bound cannot be improved. COROLLARY 
If f e A{p) satisfies

l J 0>-j)!2(l-/>) where 2 < j < p and p is defined as in Corollary 1, then f is p-valent in E.
Proof. Putting a = {p!(l -2p)}/{{p -j)!2(l -/?)} in Corollary 1, we get
for 2 < j < p. Or, equivalently,
Since z p i +2 is (p-j+2)-valently starlike in E, in view of Lemma 3, the function f is p-valent in E. This proves Corollary 2.
we deduce that
Thus Corollary 1 improves Theorem A of Saitosh [11] .
2. Putting j = p in Corollary 2 and using the fact that F(l, 1; 2; = 2 In 2, we have the following result which was also obtained by Nunokawa 
where
Proof. Suppose / G -A(p) satisfies (2.5) and let us put
where j3 is defined by (2.9). We choose the principal branch in (2.10) so that w is analytic in E with iu(0) = 0. On differentiating the expression in (2.10) followed by some simple transformations, we get i l ** (P -3 + 1)
Suppose that there exists a point ZQ G E such that = a (by using (2.9)), which is a contradiction to the hypothesis (2.5). Thus, |u>(.z)| < 1 for all z G E and from (2.10), we conclude that where 1 < j < p. This completes the proof of Theorem 2.
Taking n = A = 1 in Theorem 2, we obtain 
fU-D {z) f(J) {z)
(z e E), 
(z) p\ :{(p-j+ !)(! +w(z)) + zw (z)}. z p-j (p_j + l)l
Using the above the equation and (2.13), we deduce that (2.14)
r{(/3 + 7(P -J + 1)M*) + jzw'(z)}. (.P-j+ 1)1
Suppose that there exists a point zq € E such that
max\ z \<\ z0 \\w(z)\ = Mz 0 )| = 1 (^(¿o) + 1)-
Then by writing w(zq) = e ld and using Lemma 1, (2.14) yields
which is a contradiction to (2.12). Therefore, \w(z)\ < 1 for all z E E.
(p-j+ 1)1 p\
This implies that
ZP-3+1 (p-j + 1)!
This proves the theorem.
COROLLARY 5. If f G A{p) satisfies the condition (2.12) for 2 < j < p, then f is p-valent in E.
Proof. From (2.13) and the inequality |w(z)| < 1 for z 6 E, which was shown in the proof of Theorem 3, it follows that Re where 2 < j < p. Or, equivalently
Re
By using the same argument as in Corollary 2, we conclude that / is p-valent in E.
Putting j = p, (3 = 0 and 7 = 1 in Corollary 5, we have
COROLLARY 6. If f e A(p) satisfies \f^(z)-p\\<2(p\) {zeE) for p > 2, then f is p-valent in E.
We note that the above result was also obtained by Nunokawa, Kwon and Cho [8] . 
Proof. Consider the function F\ defined in E by
Fx(z) = (1 -X)f(z) + Azf'(z) (A > 0, / € A(p)).
Differentiating F\, we get is (p -j + l)-valently starlike in E, by using Lemma 3 we conclude that / is p-valent in E.
Putting j = 0 in Theorem 4, we get 
where p is given by (2.17 ). The result is best possible. for 0 < j < p and 0 < A < 1. Thus, Theorem 4 is an improvement of Theorem B for 0 < A < 1.
2. In view of the above remark, Corollary 8 and Corollary 9 improve the corresponding results obtained by Owa and Nunokawa [9] for p=l and 0 < A < 1. 
Consider the function p defined in E by
Then q is analytic in E with <?(0) = 1. Again, differentiating the expression in (2.25) and using (2.24) in the resulting equation, we get
Now, using the hypothesis (2.21) in the above expression, we get The result is best possible.
Setting n -p = j = 1 in Corollary 10 and using fact that F(l, 1; 3; = 4(1 -Zn2), we derive the following result. REMARK. We note that the above result improves an earlier known result
Re{f'(z)}>~
implies ReiF^z)} > 0 (z e E) [4] , Further, it is of special interest as it gives an example of non-univalent function whose Libera transform is univalent.
